An Empirical Approach to Subspace Detection

by Sarah A. Barrett and Gregory C. Beroza

INTRODUCTION

Waveform cross-correlation detection methods, or match filter
techniques (Van Trees, 1968), exploit waveform similarity for
proximal events, and have proven to be a powerful approach
for detecting and characterizing seismic events. Among the ad-
vantages over more traditional techniques is the ability to de-
tect in adverse observational conditions either when events are
closely spaced in time, such that waveforms overlap, or when
the signal-to-noise ratio (SNR) is much less than unity because
signal strength is low. Correlation methods can also be used
for precise measurements of relative arrival time (e.g., Schaff
et al., 2004) and relative amplitude (Rubinstein and Ellsworth,
2010) in support of precise relative location and relative size
measurements.

A complete and precise measurement of seismic events is
critical for understanding earthquake processes, and as a resul,
the use of correlation-based detection methods is growing rap-
idly. They have been used on mining-induced seismicity (Gib-
bons and Ringdal, 2006), in nuclear test ban treaty verification
research (Rowe ez al., 2012), to understand tectonic tremor as a
swarm of low-frequency earthquakes (Shelly ez 4/, 2006, 2007),
and to increase the number of detected carly aftershocks by
more than an order of magnitude (Peng and Zhao, 2009).
They have also been applied to detect previously unobserved
carthquakes in situations of suspected induced seismicity (van
der Elst et al., 2013).

Waveform matching is not always applicable because it re-
quires prior identification of template events that are highly
similar to the event(s) of interest. The subspace detection
method is a generalization of template detection that exploits
features common to a design set of earthquakes (Harris, 2006;
Harris and Paik, 2006). Subspace detection uses the singular
value decomposition (SVD) of the design set of waveforms to
find an orthonormal representation (left singular vectors) that
efficiently captures the important common characteristics of
the waveforms. If we rank the singular vectors by the size of
their corresponding singular value, then the first singular vec-
tor contains the information common to the design set events
with the greatest power to describe the set of waveforms. The
second singular vector contains the dominant remaining infor-
mation that is common to the design set events once the con-
tribution of the first singular vector is removed, and so on, with
each successive vector containing increasingly smaller contribu-
tions to describing the design set. These vectors can be used in
an approach similar to that of template matching to find events
correlating above a given threshold, but with the detection
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statistic developed from a projection over a subspace of the
design set, rather than of a single template vector.

We find the first singular vector closely approximates the
average waveform, or stack of the design set. In the case of
densely clustered earthquakes, the second singular vector
strongly resembles the time derivative of the design set stack.
We believe that this reflects the fact that the second singular
vector represents information related to the variations pro-
duced by slight offsets in earthquake location of the design set
earthquakes. Successive singular vectors do not have a clear
physical representation (i.c., the third singular vector does
not resemble the second derivative of the stack).

We use a matrix of two rows: the stack and the derivative
of the stack as an empirical representation of the subspace
method and compare its ability to detect missing earthquakes
from the catalog with the template matching and subspace pro-
jection methods. We find that the empirical subspace approach
provides substantial advantages over simple template matching
methods in that it increases the detection of previously unde-
tected and uncataloged events, including events with overlapping
waveforms. In addition, it avoids an increase in false detections.

We demonstrate its capabilities by applying the empirical
subspace method, and comparing the results with traditional
template matching and with subspace projection, for the 2003
M., 5.0 Big Bear sequence (Fig. 1), which began on 22 Feb-
ruary 12:19:10 (UTC) at 34.31° N 116.85° W, near the Helen-
dale fault. Using recordings from a single SCSN station we find
~500 events in the aftershock sequence—far more than are
present in the CISN catalog. The power of this approach sug-
gests the potential to extract much more information from
earthquake and tremor sequences using subspace approaches.

SUBSPACE DETECTION

Standard network-based earthquake detection relies on a com-
bination of arrival-time picks to obtain possible first-arrival
times, and associated algorithms to determine whether those
arrival times are mutually consistent with a source within the
Earth. Short-term average/Long-term average-based arrival-
time detection has the important advantage of being applicable
to events without 4 priori knowledge of an event’s location or
mechanism. This works well for isolated earthquakes with
impulsive, high SNR first arrivals, and is particularly effective
at locating and characterizing earthquakes that occur within a
seismic network. Conversely, these detectors may run into trou-
ble when earthquakes are closely spaced, when arrivals are emer-
gent, or when earthquakes are sparsely recorded. On this last
point, an earthquake usually is not cataloged if there are not
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A Figure 1. Seismicity during the Big Bear swarm as recorded by
the Advanced National Seismic System (ANSS) Catalog from 22
February 2003 through 28 February 2003 (circles) on AZ and Cl
broadband stations (triangles) station KNW, is the highest quality
station used in this analysis (darkened triangle). Inset ANSS Cata-
log events during the swarm: the sequence had no activity prior to
the mainshock (22 February 2003), whereas aftershocks persisted
for a few weeks.

enough stations (typically four) providing independent informa-
tion to constrain the hypocenter.

Waveform-based detectors are less general in that they
require assumptions about the seismic source. In the case of
template matching, the assumption is that the shape of the
waveforms is known (Gibbons and Ringdal, 2006) or that the
source waveform repeats (Brown ez a/., 2008). Subspace detec-
tors can be considered a generalization of template matching to
multiple dimensions. Subspace detectors are constructed from
the SVD of a matrix that consists of a set of design waveforms
(Harris, 2006). Subspace detectors have been applied to the
study of tremor with some success (Maceira ez al., 2010), but
have not seen wide application in earthquake monitoring. The
subspace technique works with a set of design waveforms that
are selected from the total population of recorded, cataloged
events and are intended to represent the characteristics of po-
tential events of interest. In particular, the subspace detection
algorithm assumes that undetected events can be represented as
a linear combination of the largest singular vectors in the de-
sign set matrix subspace.

APPLICATION OF THREE DETECTION
ALGORITHMS TO THE 2003 BIG BEAR SEQUENCE

The 2003 M 5.1 Big Bear earthquake occurred in roughly the
same region as the 1992 M 6.5 Big Bear earthquake (the largest
aftershock of the 1992 M 7.3 Landers earthquake) in the

castern California shear zone. This region is characterized
by a series of northwest-trending faults with northeast-trending
conjugate faults, bounded by the frontal thrust of the San
Bernardino Mountains in the north, and the San Andreas fault
in the south (Jones ez al., 1993). In both carthquake sequences,
the aftershocks were prolific and diverse. Aftershocks occur
primarily on the northwest-trending plane; however, there are
significant populations on conjugate faults (e.g., Jones e al.,
1993; Chi and Hauksson, 2006). Dip-slip faults bound the
region of aftershocks, and in both the 1992 and 2003 earth-
quakes, produced at least one moderate-sized reverse-faulting
event. This sequence is a good test case for the empirical sub-
space methods; it is a rich and complex aftershock sequence
with events of varied focal mechanism (Yang ez al., 2012) as
well as overlapping events. The highest quality nearby station
for which continuous data are available during the 2003 se-
quence is station KNW from the ANZA network, which is
approximately 60 km away from the Big Bear sequence. This
station recorded nearly all cataloged events. Waveforms from
these events were downloaded using the Standing Order for
Data (SOD) request tool from the Incorporated Research Insti-
tutions for Seismology (IRIS) Data Management Center
(DMC; Owens et al., 2004).

Basic processing on the waveforms from this station yields
the subspace dimension of interest. We arrange the window for
the design set to include the P arrival (1 s before the automati-
cally picked arrival) and a substantial portion of the S-wave coda
(10 s following the Parrival, or about 3 s after the S arrival). The
mean of the signal is removed, and events are filtered using a
band-pass of 1-10 Hz. Finally, a cosine taper is applied to
5% of the signal on each end. We cross correlate each event,
pairwise, then perform a single-linkage cluster analysis. The larg-
est five groups with normalized cross-correlation coefficients of
at least 0.875 are included in the design set (Fig. 2). We sclect a
master event with high-correlation values with respect to the
other design set events to define lag times for P-wave alignment
using cross correlation. We construct a matrix of aligned wave-
forms using these lag times, with each seismogram comprising a
row of the A matrix (Fig. 3).

The SVD of matrix A provides the left singular vectors,
which are the columns of the orthonormal U matrix that form
a basis for the design event waveforms.

SVD(A) = UAVT. (1)

These vectors are used as subspace detectors for some suf-
ficient dimension V.

Following Harris (2006), we examine the consequence of
using different dimensions of the subspace for detection by
calculating the fractional energy capture. In the Big Bear ex-
ample, we find that the first two singular vectors are sufficient
to capture all design set events at a threshold of 0.125 (subspace
dimension of N = 2). However, not all cataloged events are
adequately represented by only two singular vectors at this
threshold. Including additional singular vectors will better
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A Figure 2. Waveforms of the 66 events included in the design set
cut 1 s before to 10 s after the P-wave arrival. Events are aligned
through cross correlation to a master event on the P-wave arrival.

represent the total waveform variability within the sequence.
Although this is not computationally prohibitive, we are inter-
ested in properties of the subspace detector for more strongly
similar events and in particular the feasibility and utility of us-
ing only two singular vectors in the projection.

Examination of the singular vectors provides some insight
into their physical representation. The largest singular vector
very closely resembles the stack of the design set (Fig. 4a).
Because the first singular vector should include the dominant
information in all the events, this not a surprising result. The

SVD (A)=UA VT

second singular vector (Fig. 4b) is strongly similar to the time
derivative of the stack, especially for the S-wave arrival. T sug-
gests the second singular vector represents variability in the
seismogram that comes about from location differences in the
events, or essentially variations in the S-P times. The
S-wave arrival dominates the amplitude of this singular vector
because the design set matrix A is constructed after P-wave
alignment. If we examine a ~3 s window centered on the
S-wave arrival, the correlation between the time derivative and
second singular vector is even higher (~0.8). Successive singu-
lar vectors are not clearly related to higher order time deriv-
atives and contain information, which is less representative of
most of the events. Examination of the fractional energy
capture suggests the first two singular vectors are sufficient
to represent the design set.

We propose that the similarity of the first two singular
vectors to the stack and time derivative of the stack can be
exploited to improve template correlation techniques empiri-
cally without the need to construct a subspace detector through
a SVD of the A matrix. To make this comparison, we apply
three detectors to the continuous seismic record during the
2003 Big Bear sequence. The first detector is the stack of the
design set events; this is intended to represent template match-
ing, or a 1D subspace. The second is our empirical subspace
detector; it is a matrix comprised of two rows, the stack, and
the time derivative of the stack. Although some empirical
weighing would be appropriate (analogous to subspace vectors
being weighted by their respective singular values), the vectors
in this example are weighted equally. Weighting may be more
important for more dispersed seismicity. We normalize the
stack detector and each row of the empirical detector to be of
unit length. We suggest this is representative of the improve-
ments that might be observed by using a matrix of a template
waveform and its time derivative. The final detector is the 2D
subspace detector determined using the SVD.

y=y'UU'y
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A Figure 3. A schematic of the subspace detector process. The matrix A is constructed as a matrix of cataloged waveforms, in which
each row is an event. The singular value decomposition (SVD) of this matrix yields a matrix of left-singular vectors (U). These vectors are
ordered by their contribution to the span of the events. In this work, we use only two dimensions of U. The projection of y onto U yields a
normalized detection value (y) that signifies how well the subspace detector represents the time series.

596 Seismological Research Letters Volume 85, Number 3 May/June 2014



»
N

T T
Correlation of SV and Stack cc = 0.928

First Singular Vector

Stack of Design Events

Relative amplitude

Correlation of SV and Stack cc = 0.607

Second Singular Vector

Derivative of Stack

Relative amplitude

Time (in seconds)

A Figure 4. (a) The largest singular vector shows (cc = 0.928) sim-
ilarity to the stack of the 66 design set events. (b) The second largest
singular vector resembles the time derivative of the design set stack
(cc = 0.607), especially in the portion corresponding to the S-wave
arrival. All waveforms are normalized to unit amplitude.

(a) 6 r
[ catalog events —266
Bl new events —-135

false detections 75

3

i ey

We apply the three detectors to seven days (the period for
which there are more than 20 cataloged events per day) of the
continuous 40 samples per second displacement record on the
vertical channel at station KN'W. The continuous signal is cut
into windows, processed in an identical manner to the design
set waveforms, and normalized to unit length. The dot product
of the windowed continuous signal, and each detector is com-
puted (7) at each sample in the time domain. Values above an
empirically determined threshold are recorded as detections
and compared with the Advanced National Seismic System
(ANSS) catalog for the sequence.

RESULTS

The resulting detections at a threshold of 0.125 for each of the
detectors are shown in Figure 5. The stack finds a majority of
cataloged events as well as many previously uncataloged events.
The subspace detector finds more cataloged and uncataloged
events; however, the number of false detections also increases
slightly. The empirical subspace detector finds the most cata-
loged events of the three detectors and detects more uncata-
loged events than the stack detector alone with a similar
failure-to-detect rate. The waveforms from the events identi-

fied by the empirical subspace detector are displayed in Figure 6.
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A Figure 5. Results of the three detectors on one week of continuous data. (a) The results of the stack (representative of templates)
detector. Left, distribution of cataloged (gray) and new (black) event detections, sorted by magnitude. False detections not automatically
removed during processing are displayed. (b) The results of the empirical (representative of a template and its derivative) detector. (c) The
results of the 2D subspace.
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A Figure 6. Detections made using the Empirical Subspace De-
tector. Events are ordered by magnitude. (a) The stack of the de-
sign set events waveform. (b) Detections which already appeared
in the catalog (278). (c) New detections (217) with false detections
removed.

Each of these detections shown was verified by eye to have
seismic characteristics (expected P- and S-arrival time and cor-
responding change in frequency content) consistent with
events originating from the Big Bear region. The results for the
empirical subspace detector are promising, as it detects more
new events than would simple template matching, with an
equivalent number of cataloged events, but does not increase
the false detection rate. Consider the four possible outcomes
for the three detectors.
1. No detection in a waveform, which contains only noise
(correct null hypothesis)
2. A detection of relevant signal in a waveform of only noise
(Type I error)
3. A detection in which there is an event of interest (correct
detection)

4. No detection in which there is an event of interest (Type

II error)

The stack detector has a slightly lower percentage of Type
I errors compared to both subspace-based detectors (~19% ver-
sus 23-24%). Exploring the use of an alternative detection
threshold for the subspace-based detectors would mitigate this
outcome. Following the fractional energy capture analysis, we
chose to use a detection threshold of 0.125, which is sufficient
to represent, at minimum, all the design set events. We could
have adopted a higher detection threshold to minimize false
detections; however, this would result in fewer detections, and
we preferred to tolerate an increase in Type I errors in order
detect as many earthquakes as possible.

All three detectors show similar Type II error rates—miss-
ing approximately the same number of ANSS cataloged seismic
events. We believe this results from the variation in focal
mechanism and fault perpendicular aftershocks, observed by
Chi and Hauksson (2006). For example, an early aftershock
(M, 4.5) was determined to have a reverse mechanism. We
would not expect such a source to produce a similar waveform,
which would be represented in the chosen design set or well
represented by the subspace of singular vectors that results, and
thus its detection is not observed. Chi and Hauksson (2006)
also show moderate populations of aftershocks occurring on
planes perpendicular to the main fault plane. These variations
in source are perhaps not well represented by the explored
subspace.

Overtlapping events are most prevalent early in the seismic
sequence, and such events are often uncataloged because they
occur within the coda of a mainshock or large aftershock, or
when earthquake swarms get particularly active. Overlapping
events are particularly problematic for energy-based detectors,
and correlation detectors are preferred in such situations be-
cause they rely on the full waveform rather than detection of
an abrupt onset. We observe several occasions in which the
subspace-based detectors outperform the template detector
(Fig. 7). Seismic events with overlapping waveforms may not
even be detected using the stack alone unless the design set
specifically includes a near repeat of that event, as in the case
of the example shown.

The subspace detector has some disadvantages. For exam-
ple, an analyst must assemble and design the population of
waveform to input in matrix A, although automation of this
process should be possible (Rowe ez al., 2012). The selection of
the design set has direct consequences for the ability of a de-
tector to perform well across diverse events. As illustrated by
the Type II errors, the selection of a simple, single design set
may not be optimal for a diverse population of events. For
carthquake sequences of spatially dense seismicity, we advocate
the empirical subspace, in which an event template and its
derivative form a matrix that is scanned through the continu-
ous record much like a traditional template. This eliminates
the need to construct a design set matrix and perform an SVD.
The use of the template time derivative acts as an approxima-
tion for the second singular vector and increases the variably in
available templates, thereby improving detection of events that

598 Seismological Research Letters Volume 85, Number 3 May/June 2014



N
x
-
2

S

eventa
amplitude

continuous
section

event b

D

15

Time (in seconds)

A Figure 7. An example of pair (events a and b) overlapping
events as detected by the empirical subspace detector. The P
wave of event b arrives before the S wave of event a. The top
and bottom panels show the arrivals of events a and b, respec-
tively. The center panel illustrates the entire time series.

are similar, but not identical. In the example, we detail a
near doubling of cataloged events using the empirical detector,
with a substantial improvement when compared to template
detection.

CONCLUSIONS

Template matching is an effective approach to detect small
events. Its broad range of applicability includes earthquakes
(Peng and Zhao, 2009), low-frequency earthquakes within
tremor (Shelly ez /., 2007), induced seismicity (van der Elst
et al., 2013), and Test Ban Treaty verification (Gibbons
and Ringdal, 2006). Our development of the empirical sub-
space detector has the potential to extend and improve upon
template detection for the same range of seismic applications.

For the 2003 Big Bear sequence, continuously recorded
data was not retained for most stations in southern California
and is only available for events that are more recent. Station
KNW, although distant from the sequence, is a high-perform-
ing station that recorded most of the events in the ANSS cata-
log for the sequence. Other stations in the region were found to
be unsuitable based on a lack of continuous records, source to
station distance, or low SNRs. Our detailed results are based on
only a single component at a single station. We verify the re-
sults using a horizontal channel at station KN'W and observe
similar relative performances of each of the detectors. Data sets
that are more extensive could be used for demonstrating the
detection approach. The use of other available channels in com-
bination (Harris, 2006) as well as validating detections across an
array would improve performance and reduce both Type I and
Type II errors. We show that although we use a single compo-
nent at a station in isolation, the empirical subspace detector
correctly identifies numerous uncataloged events.

The empirical detector ought to be especially useful for
regions with sparse coverage. The empirical detector doubles
the number of cataloged events we were able to identify (when
compared to the template performance), yet Station KNW is
~60 km away from the Big Bear events. There are many re-
gions of low background earthquake activity, such as the central
and eastern United States, where station spacing will likely re-
main sparse. The proposal to keep approximately one in four of
the EarthScope Transportable Array stations as a permanent
network (Leith ez al., 2011) would improve current coverage.
However, station spacing would still be on the order of
~140 km (maximum station—event distance ~70 km). This
distance is similar to that for the example presented in this
paper, and suggests empirical subspace detectors might provide
an cffective and important extension to standard template
matching practices for earthquake monitoring. B4
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